Holographic principle and the dominant energy condition for Kasner type metrics. 
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Abstract: In this letter we study adiabatic anisotropic 
matter filled Bianchi type I models of the Kasner form to- 
gether with the cosmological holographic bound. We find that 
the dominant energy condition and the holographic bound 
give precisely the same constraint on the scale factor param- 
eters that appear in the metric. 

PACS number(s): 98.80.Hw, 98.80.Bp 

Motivated by the example of black hole entropy, re- 
cently a new set of conjectures were put forward, which 
are known as "the holographic principle" [Q|2) . According 
to this principle, under certain conditions all the infor- 
mation about a physical system is coded on its boundary, 
implying that the entropy of a system cannot exceed its 
boundary area in Plank units. In other words, the holo- 
graphic principle (HP) requires that the degrees of free- 
dom of a spatial region reside on the surface of the region 
and the number of degrees of freedom per unit area to 
be no greater than 1 per Planck area. 

The main aim of the HP is to extend this conjecture 
to a broader class of situations. In this direction, it is be- 
lieved that the HP must eventually have implications for 
cosmology. The first interesting specific attempt to apply 
the HP to homogeneous cosmological models was made 
by Fischlcr and Susskind (F-S) They showed that, if 
one tries to apply this principle to any box of coordinate 
size Ax 1 (x R in flat space, there appear several problems. 
If one supposes for the late universe a constant entropy 
density in comoving coordinates, the entropy in that box 
is proportional to its coordinate volume R 3 , while the 
surface area of the box grows like [a(t)R] 2 . When we 
take the limit R — ► oo, the entropy always is larger 
than the area and the principle is violated |||. Thus, 
they proposed to compare not the area of any region, 
but namely the area of a region of the size of the particle 
horizon R H , which is a causally connected part of the 
universe, with the entropy of the matter inside this re- 
gion. In other words, the cosmological formulation of the 
HP, due to the authors of M, implies that the entropy 
of matter S inside the particle horizon must be smaller 
than the area A of the horizon, i.e. S/A < 1. Their for- 



mulation was very successful for a wide class of flat and 
open universes, but it did not apply to closed universes. 
Nevertheless, other studies found that the HP, according 
to the F-S-formulation, is satisfied for a closed universe 
filled with two fluids, where one of them has an equation 
of state, P = 7p, with 7 < — 1/3 in which p and P are 
the energy density and the isotropic pressure respectively. 
This type of equation of state has been considered in the 
so-called "quintessence" models (QCDM) which invoke 
such fluids in order to explain why our universe is accel- 
erating ||. Other modifications of the F-S conjecture of 
the HP have been raised subsequently ]oj-|lC| . It is inter- 
esting to note that in 10 1 the authors proposed a HP for 
inhomogeneous universes. 

A remarkable conclusion of the F-S conjecture is that 
the HP is valid for flat or open Friedmann-Robertson- 
Walker (FRW) cosmological models with equation of state 
satisfying the condition < P < p. It is interesting to 
remark that this condition satisfies the Dominant Energy 



Condition (DEC) 
-p<P<P- The 
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JdJ , which can be written as p > and 
after condition is related to the physi- 
cal constraint that a sound wave cannot propagate faster 
than light. In this direction recently Bousso provided a 
broader formulation for HP. He conjectured the entropy 
S crossing a certain light-like hypersurface is bounded by 
a two-dimensional spatial surface with area A. To protect 
his conjecture against pathologies such as superluminal 
entropy flow, Bousso required matter fields to satisfy the 
DEC. The author claim that his conjecture is a universal 
law which is valid for all type of space-times that sat- 
isfy Einstein's equations and DEC, therefore in partic- 
ular for cosmological solutions p^] . However, Lowe J]]J 
has pointed out a number of difficulties with the Bousso's 
conjecture. 

In this letter we analyze anisotropic universes de- 
scribed by a Kasner type metric for checking the Bousso's 
conjecture and establishing a relation between HP and 
DEC. In this respect Bousso has given many examples 
showing that the holographic bound is satisfied for ho- 
mogeneous but isotropic cosmological models, including 
the closed FRW universe Q ■ 

At early times the presence of anisotropy is a very 
natural idea to explore. Even though the universe, on 
a large scale, seems homogeneous and isotropic at the 
present time, there are no observational data that guar- 
antee the isotropy in an era prior to the recombination. 
In fact, it is possible to begin with an anisotropic universe 
which isotropizes during its evolution by the damping 



of this anisotropy via a mechanism of viscous dissipa- 
tion. The anisotropics described above have many possi- 
ble sources: they could be associated with cosmological 
magnetic or electric fields, long-wavelength gravitational 
waves, Yang-Mills fields, axion fields in low-energy string 
theory or topological defects such as cosmic strings or 
domain walls, among others (see ref. [Q and references 
therein). The HP may restrict the kind of the matter 
contents, which affect the geometry and evolution of the 
universe, in view that HP envolves the particle entropy 
of the universe. Then the universe itself conformed with 
the HP may belong to a restrict class ||. 

In the following we consider a Bianchi type I metric of 
the Kasner form 



ds 2 = -dt 2 + t 2pi dx 2 + t 2p2 dy 2 



t 2p *dz 2 



(1) 



where p\, P2 and p% are three parameters that we shall 
require to be constants. Then expansion factors t Pl , t P2 
and t P3 would be determined via Einstein's field equa- 
tions. The space is anisotropic if at least two of the 
three pi {i — 1,2,3) are different. The Kasner uni- 
verse, in the classical sense, refers to a vacuum cosmol- 
ogy, for which is satisfied the constraints p\ +P2 +ps = 1, 
Pi + p\ + p\ = 1 (l^] • For matter filled universes these 
constraints will no longer be true. 

For simplicity of further calculations we introduce the 
symbols s and q defined as 



s = pi+p 2 + P3 and q = pi + pi + pi- 



For a Kasner type metric we have |j 
S/A = aIi l R H J [n j i p 'i 1 - p >] 



2/3 



(2) 



(3) 



where a is the entropy density in comoving coordinates, 
which is supposed to be a constant, and R H ( = t Pi 
(with i, j = 1,2,3) is the coordinate size of the particle 
horizon in direction i. The denominator in equation (j^) 
is the proper area of the horizon. Finally we obtain that 
S/A = crt 1 ^ 3 . We write this expression in the form 



S/A = a[- 

Lp 



(4) 



Here we consider that for t > t p the HP is valid, where t p 
is the Planck time. So if the holographic bound S/A < 1 
was satisfied at the Planck time, later on it will be satis- 
fied even better if 



1 - s < 0. 



(5) 



On the other hand, we shall require the model to sat- 
isfy the dominant energy conditions specified by — p < 
Pj < P fll]] where p is the energy density and Pj (with 
j — x, y, z) are the effective momenta related to the cor- 
responding coordinate axes. The DEC represents a very 
reasonable physical condition for any gravitational field 
and holds for all known forms of matter fields. This con- 
dition may be interpreted as saying that to any observer 



the local energy density appears non-negative and the 
local energy flow vector is non-spacelike. 

Let us write the dominant energy condition explicitly 
in terms of the parameters that enter into the metric (jl]) , 
i.e. pi,P2 and p^. In other words, we shall consider the 
matter content in a general sense without any specifica- 
tion about the kind of matter which fills the universe. 

From the metric ([!]) the Einstein field equations can 
be written in comoving coordinates as 



P1P2 + P1P3 + P2P3 



and 
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= 8nGp, 



= 8nGP x , 



(6) 



(7) 



= 8ttG P y (8) 



t 2 



8ttGP 2 . 



(9) 



Note that both p and Pj (with j = x,y, z) scale as t~ 2 . 
Thus, the dominant energy conditions will give some spe- 
cific relations among the constant Kasner parameters pi. 

The conditions Pj < p, with j — x, y, z, yield three 
inequalities given by 



(s-pOOj-1)>0, 



(10) 



where i — 1,2,3 which, after adding them, reduce to just 
one inequality given by 

2s(s-l)>0. (11) 

In a similar way, from Pj > —p we get the inequalities 

s(l+ Pi )-Pi>q, (12) 

(no sum over i). After adding them we get 

3q - s 2 



s > 



(13) 



It is easy to show that 3q — s 2 = (pi—P2) 2 + (Pi — P3) 2 + 
(p2 — P3) 2 ■ Then iq — s 2 > and from expression (|13| ) we 
conclude that s > 0. With this condition on s, we obtain 
from expression (|ll]) that necessarily 1 — s < 0, which 
is the same condition expressed by (||). Thus, for the 
metric (|l|), the holographic bound (|J) is always satisfied 
for t > t p . In other words we have shown that, for an 
anisotropic Bianchi type I universe of Kasner form, the 
dominant energy condition gives the same requirement 
as that obtained from the holographic bound (||). We 
conclude that, for Kasner metrics, if DEC is not satisfied 
then HP is not satisfied at all and viceversa. 

In general in cosmology the entropy is associated with 
the particle species present in the expanding universe. 



Thus for the classical vacuum Kasner space-time (s = 
q = 1) we can not define an entropy. For universes filled 
with any matter content, not necessarily an ideal fluid 
(P = 7/3 and DEC implies that — 1 < 7 < 1), one of the 
following conditions is satisfied: s ^ 1, q = 1; s = 1, 
g ^ 1 or s ^ 1, g ^ 1. Nevertheless, the only ideal fluid 
that is compatible with the anisotropic Kasner metric 
is the Zel'dovich fluid Jl6|,|l7| which has the equation of 
state of stiff matter (7=1) given by 



p = P 



167rf 2 



(1-9) 



(14) 



for which s — 1 holds and 5^1. In this case S/A is 
constant in time. Thus, depending on the boundary con- 
dition, the HP may be saturated by this kind of universe. 

For any ideal fluid, with 7 ^ 1, we always obtain an 
isotropic flat universe In this case all constant pa- 
rameters pi — p (i — 1, 2, 3). Then 1 — s = 1 — 3p and 
the holographic bound is valid if 3p > 1. It is easy to 
show that in this case the Einstein equations imply that 
p = 2/(3(7 + !))■ Then the holographic bound implies 
that 



1 + 7 



> 1. 



(15) 



This condition is always satisfied since —1 < 7 < 1 and 
the holographic bound is satisfied for all 7 in the range 
implied by the DEC. This fact generalizes the result ob- 
tained in j|. 

For isotropic flat cosmological models the same result 
was obtained by Kaloper and Linde in Ref. j?J . In this ref- 
erence the authors argued that when the F-S conjecture 
is applied to the inflationary expansion of the universe 
(—1 < 7 < —1/3 for an ideal fluid), the evolution of the 
universe should be considered not at t = t p but after 
reheating. This follows from the fact that the density 
of matter after inflation becomes negligibly small, so it 
must be created again in the process of reheating of the 
universe and this process is strongly non-adiabatic. This 
implies that a is no more a constant. In the case of the 
Kasner type metric we can not include a quantum vac- 
uum (P = —p = —A), i.e. 7 = —1, because for this case 
we have an equation of state for which (7^1) and, as 
we mentioned above, the Kasner type metric isotropizes. 
However, we can consider in principle the dissipative pro- 
cesses in this type of metrics including a viscous fluid. In 
this case, for an anisotropic viscous fluid we have the 
energy-momentum tensor 

T a p = [p + (j? - £,0)}u a Uf3 - (p- S,O)g a + 2i]<T a p, (16) 

where u a , p, p, £ and 77 are the fluid's four velocity, the 
energy density, the isotropic pressure, the bulk and shear 
coefficients of viscosity respectively. It can be shown, at 
early times, that the shear viscosity is much greater than 
the bulk viscosity, i.e. 77 >> £ Jl^] . This means that the 
generation of entropy is proportional to i] and therefore 
we have non-adiabatic expansion of the universe. 



For the Kasner type metric 
the shear viscosity has the form 



1 



V 



16ttG 



(1-8). 



it can be shown that 



(17) 



The second law of thermodynamics imposes that r\ > 
and then 1 — s > Jl9|,|l6| |. If we contrast this condi- 
tion with that obtained from HP and DEC, we conclude 
that only S — 1 satisfies all three conditions. Then the 
anisotropic caracter of the metric is preserved. We could 
understand this as follows, cither HP may not be applied 
to non-adiabatic processes or the thermodynamics in- 
volved in the problem is not appropriated due to his non- 
causal structure [^0| . We hope to come back to this study 
in a near future. 

In conclusion we have shown that for an anisotropic 
Bianchi type I universe of Kasner form the dominant en- 
ergy condition gives the same requirement as that ob- 
tained from the holographic bound when the processes 
involved are adiabatic. Perhaps there exists in general a 
deep relationship between the DEC and the holographic 
bound, when both are applied to adiabatic flat cosmol- 
ogy 

The results obtained here can be applied for Kasner 
type metrics in any dimensional n + 1 space-time. 
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